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Mathematics and Beauty
1. Introduction

We often assume that mathematics has nothing to do

with art or, even worse, there is a kind of

conflict between mathematics and art. For, at first

sight, mathematics is logical and rational, while

art is intuitive and aesthetic. But can’ t

mathematics tell us anything about art or beauty?
In this article, by focusing on the Golden Ratio,
not to say the competition for artistic expression
at the Olympic Games, I shall examine this question.
2. What is the Golden Ratio?

In Euclid’ s FElements,

the Golden Ratio is called

the Extreme and Mean Ratio, which is defined as a
point that cuts a segment so that the whole segment
is to the greater segment what the greater segment
is to the less segment. When we cut the segment AB
into the greater segment AE and the less segment EB,
where is a point E such that AB:AE=AE:EB? Let’ s
see Proposition 30 in Book VI of the Flements. In
Figure 1, let the quadrangle CABH be a square and
the quadrangle AGDE also a square. The segment DE

is extended to the point F. Now, it is the point E
that makes the area of the rectangle CGDF equal to
CABH.  Then,

rectangle CAEF that both have in common,

that of the square subtracting the
the point
the rectangle FEBH equal to

the

E makes the area of

that of the square AGDE. It' s because sides
about the equal angle are reciprocally proportional
and then we get FE:ED = AE:EB, AB:AE =
AE:EB.

3. Constructing the Golden Ratio

Then,

therefore,

what should we do so to cut a segment into
the greater and the less segment so that the square
contained by the greater segments is equal to that
of the rectangle contained by the whole segment and
the greater segment. Let’ s solve this question by
IT of the Flements.

citing Proposition 11 in Bool

As shown in Figure 3, we draw the square with the
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B with the middle

join the point

segment AB and
point E of the segment AC. Extending the segment AC,
let F be the point such that EB=EF. Let H be the
in the segment AB such that AF=AH and the

the

point

segment GH is extended to the point K. Now,
segment AB is divided by the point H and the area
of FAHG of the

rectangle HKDB. because they

the square is equal to that
In order to show this,
have the rectangle ACKH in common, we have only to
show that the area of the rectangle FCKG is equal
to that of the square ACDB. That is to say,

CF X FG+EA*=EF*

=EB" ("."EF=EB)

=EA'+AB® (".’Pythagorean Theorem)

Therefore, EA® is cancelled out to give CFXFG=AB"
This is also the way we construct the Golden
Rectangle whose ratio of the length to the width is

the Golden Ratio.
4, Finding the Golden Ratio

Now, we shall calculate the value of the Golden

Ratio. Once again, going back to Figure 1, suppose
that we cut the segment AB by the point E such that
AE:EB=a:D.

Then, AB:AE=AE:EB, so we gel a+ba=

a:b. Because product of means is equal to product
of extremes, a=h(a+h). Arrange the formula and we
get & —ab—1'=0. Dividing both sides by &, let 3=

x. Then we get the quadratic equation ¥ —x—1=0.

o . 145 L. .
Solving it, X=X must be positive because it
. . 1+5 ..

is a ratio of lengths, so x=—. This is the



Golden Ratio and the

is ¢

ratio of a circle’ s circumference to its diameter,

its symbol like =,
or Napier’ s e.
5. The Golden Ratio and Beauty

How does the Golden Ratio bring out the nature of

-

beauty then? As shown in Figure 5,

the

when the Golden
the

the smaller rectangle is similar

Rectangle is divided into sauare  and

smaller rectangle,

to the original Golden Rectangle: the scale factor

is the Golden Ratio. Likewise, when the smaller

rectangle is divided into the square and the even

smaller rectangle, the even smaller rectangle is

also similar to the original smaller rectangle.

This is how the Golden Rectangle conceals in itself

infinitely many rectangles similar to the original

Golden Rectangle itself. It is the property of
self-similarity that characterizes the Golden
Rectangle. Self-similar figures like this are

called Fractals. We can see the self-similar nature

of the Golden Ratio in the fact that it can be

represented in terms of the infinite continued

fraction and the infinite continued radical.

The self-similarity produced by the Golden

Ratio can also be seen in the fact that drawing

in each square of the

that

consecutive quarter-circles

Golden Rectangle, we «can get a spiral

approximates a  logarithmic  spiral. Precisely

speaking, since any portion of a logarithmic spiral
logarithmic spirals

is similar to each other, in

the distance r from the center can be represented

in the form of the angle of rotation ¢ as an
exponent.  Conversely  speaking, the angle of
rotation # is the natural logarithm of the

distance r from the center. That is why logarithmic
spirals are called so. As you can see in Figure 6,
consecutive similar triangles make a spiral form, a

logarithmic spiral can be seen as a limit when the

similar triangles are made much smaller and smaller.

Also, logarithmic spirals are called equiangular

spirals because the angle between the tangent of a
the line from the center

in a spiral and

the

point

through point is always equal. Logarithmic

spirals rotate inward and outward infinitely many

times.
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In nature, it is well known that a Nautilus

shell is in the shape that imitates a logarithmic
spiral. This has something to do with the mechanism
behind the growth of Nautilus. As Nautilus grows,

it closes smaller old chambers and builds larger
new chambers in the similar shape one after another.
Thus,

like

in a chamber that looks

The

Nautilus can live

the same throughout its life. spiral

structure of a Nautilus shell plays an important

role in Nautilus maintaining the homeostasis as a
living thing.
6. Conclusion
In this article we have seen that mathematics has

something to say about beauty by focusing on the

Golden Ratio. A Greek philosopher Aristotle in

Metaphysics writes, “the chief forms of beauty are

order and symmetry and definiteness, which the

mathematical sciences demonstrate in a special

degree” (1078°36). To restate Aristotle’ s statement
of this in a modern way, mathematics shows that one
in self-similarity

of the natures of beauty lies

through the structures produced by the Golden Ratio.

This also suggests the immortal and permanent
nature of beauty.
[Note] intuitive : FfH Y7/ aesthetic : BTN/

Golden Ratio : ¥4tk Extreme and Mean Ratio : #fH
kb segment : #5r quadrangle : DU
Eh¥
Witk @ (3 12 04) product of means : N IH @ fY

square 1 (FEH
.  rectangle : reciprocally proportional :

product of extremes : #AEHOKT quadratic equation :

2,k J B & circumference : 8 diameter : i %
similar : # L @  continued fraction : 3 43 %
radical : #} quarter-circle : PU:[] approximate :
BT A logarithmic spiral @ GFECEAE  exponent :
f& ¥ angle of rotation : [0 §z £  natural
logarithm I 28 o ¥ equiangular £ 0!

Nautilus : A AN  homeostasis : {H#1{E
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