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Thinking about Proofs

1. Introduction

In both natural science and mathematics, proofs
corroborate the truths of theories and laws. But it
is natural to say that there is a difference of how
proofs should be between natural science, which
deals with empirical objects, and mathematics,
which goes beyond the experience including the
infinite. In this article, we shall examine what is
the feature of mathematical proofs hy contrast with
proofs in natural science.

2. The Positivism of Natural Science

The truths of theories and laws of natural science
are guaranteed by matching them with the empirical
facts. Simply speaking, it 1is the spirit of
positivist philosophy that characterizes natural
science. For example, the existence of Neptune was
predicted before its discovery on the ground that
its gravitational force would explain the irregular
motion of Uranus. Also, many properties of
germanium had already been known due to the gap in
the periodic table before the metal was discovered.
In the history of science, however, there is an
entity that was predicted in theory but denied
later such as the phlogiston and ether hypotheses.
In this way, a theory of natural science remains a
hypothesis unless it is verified and replicable by
some experiments or observations.

3. Proofs in Mathematics

Historically, mathematics  was  derived from
practical purposes, such as metrology for the
construction of pyramids. Mathematical proofs
started from empirical, intuitive direct proofs. We
shall take the Pythagorean Theorem as an example of
direct proofs.

(1) Direct Proofs

To prove that the square of the hypotenusex of a
right-angled triangle is the sum of the squares of
the two sides containing the right angle, we shall
show that the area of the square on the hypotenuse

is the sum of the areas of the two squares on the

lii'll

two sides containing the right angle. Actually, to
prove the theorem in Euclid® s Elements, this is
shown by using area-preserving transformations#® and
congruencesk¥ of triangles. But considering the
nature of mathematics, the gist of mathematical
proofs lies not in direct proofs but in indirect
proofs mentioned below, that is, how we can prove
what we can’ t directly.
(2) Indirect Proofs
There are three types of in indirect proofs:
mathematical induction¥, reductio ad absurdum
(proof by  contradiction)#, and  proof by
contrapositionk,
(a) Mathematical Induction
When I was teaching at Juku the other day, an
elementary school student excitedly told me that he
was aware of this: adding up odd numbers from 1 in
the order, the sum is the multiplication of the
number of odd numbers added up so far by itself. As
he said, the first odd number is 1. The sum of
first two odd numbers is 1+ 3 =4, which is the
multiplication of two by itself. The sum of first
three odd numbers is 1 +3+5=9, which is the
multiplication of three by itself. Thus, he
predicted that the sum of first n odd numbers is
the multiplication of n by itself, n»n times n The
student didn’” t know it through some reference
books or wasn’ t taught it by anyone, but as he
claims, he “discovered” it through a thought
experiment all by himself. So, he got to this fact
precisely in an inductive manner

Mathematical induction is an argument used
when we prove that X is true for all natural

numbers. Since there are infinitely many natural



numbers, it is a hard task for us to prove it
directly. Mathematical induction makes it possible
to prove what holds ad infinifum in a finite
limited space.

First, we check if X is true for n=1. Then,
assume that X is true for n=4k and show that X is
true for n=4k+1. Thus, it is proved that X is true
for all natural numbers by a domino effect.

We shall show the above example by
mathematical induction. The nth odd number is 2n—1
(n is a natural number), so we prove that 1+3-+5+
4+ (2n—1)=x". First, it is true for n=1 because
1=1. Next, assume that it is true for n=4k that
is, 1+3+5++ « « +(2k—1)=F#, and show that it
is true for n=k+1. 1+3+5+ -+ @2k—1)+ (2(&+1)
—1)=KF+2k+1=(k+1)°. Thus, it was proven that
the student’ s prediction was correct, as expected.

Mathematical induction is different from
induction in natural science in that the former is
logically infallible, whereas the latter has a
logical gap in the reasoning from “All the ravens
we have ever seen have been black”™ to “All ravens
are black.” But mathematical induction shares the
common structure with induction in natural science
in that it proceeds from individual instances to
general laws.

(b) Reductio ad Absurdum (Proof by Contradiction)

Reductio ad absurdum or RAA in short goes as
follow: To prove X, assume not X is true, but it
entails a contradiction, so X must be the case. For
example, to prove that V2 is irrational, assume
that vZ is rational, that is, \/§=§ (p and g are

coprime). After all, it turns out that p and ¢ are
bhoth even. But this is contradictory to the
assumption that p and ¢ are coprime, therefore we
conclude that v/2 is irrational.

In mathematics, we often prove that “at least
one X is not Y.” This is the negation of “all
X' s are Y.” So, assume that “all X' s are Y,”
and we get a contradiction. For example, to prove
that at least one of the interior angles of a
triangle is less than or equal to 60 degrees,
assume that all the interior angles of a triangle
are greater than 60 degrees. But this is
contradictory to the fact that the sum of all the

interior angles of a triangle is 180 degrees.

RAA is a mathematician’ s stock-in-trade and
many of mathematical proofs would fail without RAA.
But we have to note that RAA presupposes a law of
logic called the Law of the Excluded Middle¥ or LEM
in short: A or not A. An intuitionist mathematician
is careful to use the LEM and wants to restrict its
use to finite cases.

(c) Proof by Contraposition

Given the proposition A  “if p then ¢~ a
contraposition is the proposition B “if not g then
not p.” The truth values of the two propositions A
and B are the same, so they are equivalent. Thus,
to prove the proposition A, we can prove the
proposition B. This is a proof by contraposition.
We use a proof by contraposition in case it is
easier for us to prove the proposition B than the
proposition A. For example, to prove that “if # is
a multiple of three, then n is a multiple of three,’

we can prove that “if » is not a multiple of three,

then # is not a multiple of three.”

We cannot emphasize too much how important
indirect proofs are. In natural science experiments
and observations show the truths of theories and
laws, whereas in mathematics, logical arguments do
so. As for logical arguments, there is a limitation
to direct proofs, and it is indirect proofs that
characterize mathematics.

4. Conclusion

Although mathematics is concerned with the infinite,
it is finite human beings who conceive it, so the
process itself that leads to a theory must he
finite. To prove in mathematics means to lead to a
theorem from some axioms in a finite number of
steps by logical inference rules. Thus, indirect

proofs play a role of reconciling our finite
cognition with the infinite reality.

Even so, can we prove all truths? Godel' s
first incompleteness theorem tells us that there is
unprovable. This

a sentence that is true but

suggests that there is a discrepancy between
semantics (the theory of truth) and syntax (the
theory of proof). If there is a truth that cannot
be proved, how can we justify the truth? I will
save this problem for another time.

f @ ( # # % 13 hypotheses)

area-preserving transformation :

[Note] hypothesis
hypotenuse : #}i/
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